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ABSTRACT. As it is well-known, the geometry of curve in three-dimensions is 
actually characterized by Frenet vectors. In this paper, we obtain Smarandache 
curves by using cone frame formulas in null cone Q? . Also, we give an example 
related to these curves. 
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1. INTRODUCTION 


Human being were bewitched by curves and curved shapes long before they took 
into account them as mathematical objects. But the greatest effect in the research 
of curves was, of course, the discovery of the calculus. Geometry before calculus 
includes only the simplest curves. 

Smarandache geometry is a geometry which has at least one Smarandachely 
denied axiom [4]. An axiom is said to be Smarandachely denied, if it behaves in at 
least two different ways within the same space. Smarandache curve is defined as a 
regular curve whose position vector is composed by Frenet frame vectors of another 
regular curve. 

The popularity of Smarandache curves in various ambient spaces have been 
classfied in [1]-[7], [13]-[16]. In this study, we define special Smarandache curves 
such as ra, xby, cay, aBy-Smarandache curves according to asymptotic orthonor- 
mal frame in the null cone Q? and we examine the curvatures and the asymptotic 
orthonormal frame’s vectors of Smarandache curves. We also give an example related 
to these curves. 
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2. PRELIMINARIES 


Some basics of the curves in the null cone are provided from, [8]-[9]. 
Let Et be the 4—dimensional pseudo-Euclidean space with the 


G(X, Y) a (X,Y) = ZY, + LyYq + L3Y3 — LyYs 


forall X= (455,003) Y SG ts tsp aS Et. Et is a flat pseudo-Riemannian 
manifold of signature (3, 1). 

Let M be a submanifold of Et. If the pseudo-Riemannian metric g of Et in- 
duces a pseudo-Riemannian metric g(respectively, a Riemannian metric, a degener- 
ate quadratic form) on M, then M is called a timelike( respectively, spacelike, de- 
generate) submanifold of BE? . Let c be a fixed point in Ee The pseudo-Riemannian 
lightlike cone(quadric cone ) is defined by 


Q?(c) = {x € Et : g(x—c,x-c) =O}, 


where the point c is called the center of Q3(c). When c = 0, we simply denote Q}(0) 
by Q? be and call it the null cone. 

Let Et be 4-dimensional Minkowski space and Q? the lightlike cone in E}. A 
vector V #0 in E* is called spacelike, timelike or lightlike, if (V,V) > 0, (V,V) <0 
or (V,V) =0, respectively. The norm of a vector x € E* is given by ||z|| = \/(z, 2), 
[12]. 

We assume that curve x: J + Q? c Et is a regular curve in Q® for t € I. In the 
following, we always assume that the curve is regular. 

A frame field {z, a, 8, y} on Et is called an asymptotic orthonormal frame field, 
if 

(z,z) = (yy) = (x,a) = (y,a) = (8,0) = (y, B) = (x, B) = 0, 
(x,y) = (a, a) = (8, B) =1. 
Using 2’(s) = a(s) we know that {x(s),a(s), 8(s),y(s)} from an asymptotic 


orthonormal frame along the curve x(s) and the cone frenet formulas of x(s) are 
given by 


(s)a(s) — y(s) (2.1) 


where the functions «(s) and 7(s) are called cone curvature functions of the curve 
x(s), [10]. 
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Let x: 13> Q?c E be a spacelike curve in Q® with an arc length parameter 
s. Then « = x(s) = (a,,2,,%,,%,) can be written as 


(2f,29,1- f?-g?,1+f? +9”) (2.2) 


1 
“ON ora 


for some non constant function f(s) and g(s), [11]. 


3. SMARANDACHE CURVES IN THE NULL CONE Q? 


In this section, we define binary Smarandache curves according to the asymptotic 
orthonormal frame in Q?. Also, we obtain the asymptotic orthonormal frame and 
cone curvature functions of the Smarandache partners lying on Q? using cone frenet 
formulas. 

Smarandache curve y = 7(s*(s)) of the curve x is a regular unit speed curve 
lying fully on Q?. Let {a,a,8,y} and {Gla Baty b be the moving asymptotic 
orthonormal frames of x and 7, respectively. 


Definition 1. Let x be unit speed spacelike curve lying on Q? with the moving 
asymptotic orthonormal frame {x,a,3,y}. Then, caB— Smarandache curve of x is 


defined by 
1 


Ynap(s") = See 


where a,b,c € Rt. 


(ax(s) + ba(s) + cB(s)) , (3.1) 


Theorem 1. Let x be unit speed spacelike curve in Q? with the moving asymptotic 
orthonormal frame {x,a,3,y} and cone curvatures K(s),7(s) and let yx be raB— 
Smarandache curve with asymptotic orthonormal frame | act aula 
Then the following relations hold: 

i) The asymptotic orthonormal frame {7 ,09° Oss, er is of the xaB- Smaran- 
dache curve Yrog 18 given as 


a b c 0 
Veep Vette Vette Vbe+e2 x 
Q bw-+cr a 0 —b a 
oe U v v : (3.2) 
(care B; B, B, B, Bp 
Yoap ae a ois i, y 
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where 
WU = Ja? — 2b(bh + cr), w = eee (3.3) 
Pre 
bk + er a 1 
mae = U AL= FB arr (3.4) 
and 
DPR ay ! ! 
B= 3B (W' (bk + cr) + V(b’ + cr’) + aVa), (3.5) 
A ae 
p= pa (OE (be + cT) —a— WKrv/b? + c?), 
—7r(b?e +2 Jb + 2 
Bs = <0 By =O -av + VP +A); 
y= aD - bD Y =_B a) 
Ee" pee ee Sypeee amee 
1, =-B, 
ae (A +nA,)(-A, +4’) 1 
pages mon BNE 5 (A, + Al — KA,)? + (7A,)? 
or 
(0? +c’) ! ! ! 
1 ape ee (bk + cr) + W(bK +. cr’) + aVK)(aV + Vb? + c?) 


Bip cine 
+(U(be + er) — a — Ware? + 2)?) 4 — = 


it) The cone curvatures k. 4 (5") and T+ 4 (5°) of the curve 7, 1s given by 


where 


; D 
IY be (s ) = 9 
Ty Og (s*) = 2m, —«/)T, + (1, —46)? + T?2- Re (3.6) 
1 
————— a? — 2b(bK + cr)ds. 
Vb? + ec? / v ( ) 
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Proof. i) We assume that the curve x is a unit speed spacelike curve with the 
asymptotic orthonormal frame {x,a,3,y} and cone curvatures «,7. Differentiating 
the equation (3.1) with respect to s and considering (2.1), we have 


Yeasts") = ($) als) + (AE )ats) + (=) v0, (3.7) 


w 
where 
ae : a2 — 2b (bm + cr) (3.8) 
w ds VP +A | : 
U = \/a? — 2b (bk +7). (3.9) 


It can be easily seen that the tangent vector as (s*) = a,,4(s") is a unit space- 
like vector. 
Differentiating (3.7), we obtain equation as follows 


719(8") = B,x(s) + B,a(s) + B,B(s) + B,y(s), (3.10) 
where B, = ak b= Ae ees (Buses B= aes. 
S==7 5 : ) (3.11) 
Yup a Veop 2 ae 2 Mees aes ss 


By the help of previous equation (3.11), we obtain 


Yrop(s*) = Y,x(s) a Y,a(s) “le T,8(s) ac Tayls); (3.12) 
D bD D 
where eg =-B,- aJeae? h2 = —-B, - eres = =3, =5 Pe Va = —B,,. 
ii) Using equations x, 4s") =-} (Maite and 


2 Sn pt mM et er * 
Ty ap (8 eae Ka—K 2,2 Ka — kx) Ky gS ). 


The curvatures Ky : (s*) and T ‘ (s*) of the y,,,(s*) are explicity obtained by 


G9) =0% =6)T,4 (246727 SR 2 (3.13) 


Thus, the theorem is proved. §f 
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Definition 2. Let x be unit speed spacelike curve lying on Q? with the moving 
asymptotic orthonormal frame {x,a,3,y}. Then, xBy—smarandache curve of x is 
defined by 


Yaoy (8°) = Foy (ans) + 4(8) + ev(s)), (3.14) 
where a,b.c € RY. 


Theorem 2. Let x be unit speed spacelike curve in Q? with the moving asymptotic 
orthonormal frame {x,a,8,y} and cone curvatures K(s),7(s) and let y,, be xBy— 
Smarandache curve with asymptotic orthonormal frame coe me ne 
Then the following relations hold: 

i) The asymptotic orthonormal frame 17.5, Oa B ay ; Yay} of the xBy— Smaran- 


dache curve is given as 
xBy 


a b Cc 
aby V/2ac-+b2 0 V2actb2 V/2ac+b2 v 
a br a—CK —CT 0 Qa 
aBy — ie uN {@ m 8 5 (3.15) 
Bogs Be Be B: B 
Yapy Wy Wy Ws W4 y 
where 
n = Va? —2ac+ (Kk? +72),w = a a 
V2ac + b? ds 
A, = a = a = as 
1) 1) 1) 
A! A A A, +A! A! —A 
BY = y+ hAQ+T Bee 1+ 2 Bra 8 prs 2 
w w w w 
and 
aT bT 
W = B* ~Wo = —B*w = B ’ 
: 1 a/2ace+h2 ” ae 5 2/2ac + b2 
ee Be cr 
4 9./2ac + B2’ 
1 
T = 3 (-2A, (Ai +6A, +7A,) + (A, + 4b)? + A?). 
or 
2 a 
pe 20c +P 2 (b(r'n — TH!) +9 (na — ¢ (x? + 7))) 
=i 2(rn!—7! 2 
n $a4 ((n (br = on) + nf (a = ex)? + Sere ”) ) 
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it) The cone curvature k. ; (s*) and Ty : (s*) of the curve y,,, is given by 
xBy xzpy 


ee 
a 
ie (s*) = 2(w, — «Jw, + (w, — Kw)? 4 w? Ke (3.16) 
xBy xBy 
where : 
so SS a? — 2ac+ c2(K2 + 72)ds. 3.17 
V2ac + b fv ( ) ( ) 


Proof. i) We assume that the curve x is a unit speed spacelike curve with the 
asymptotic orthonormal frame {x,a,3,y} and cone curvatures «,7. Differentiating 
the equation (3.14) with respect to s and considering (2.1), we have 


Yay (8*) = = Bs) + — FAs) — THe (3.18) 


or 
ee = Az Te A,@ a A,B. 
By considering (3.17), we get 
Vea (8) = Gls) =O 9 (3.19) 


xBy 


Here, it can be easily seen that the tangent vector a, gy 18 a unit spacelike vector. 
Differentiating (3.19) and using (3.17), we obtain 


vigy(S") = BY2 + Brod + BYB — BY, (3.20) 
x _ Ajt+nAegtrA x _ Ait+A$ x A : _A 
where By ~~ og _ = a2, _ ree _ ae 


By the help of equation y,,,(s*) = —7/,, — 5 (7! ad ) Yap we write 


aBy xBy xBy 
YaBy(s") = w,2(s) +w,a(s) + w,B(s) +w,y(s), (3.21) 
where 
aT 

w, = —-B me) B, 

: 1 2f2ac+h2) ” 

Be bT Be cT 

Ww = oe , 

: 3 2/2ac +b?” 4 4 2v/2ac + b2 


ii (s*) _ =! (yf! yt ) 
Vapy 9) xBy’? 'xBy/? 
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2 * / / 2 
= (8 —Ka—r'x,B —Ka—K!x) — 3.22 
Toy (s*) =(8-—Ka-—K 2,8 —Ka—K 2x) Ky gy (3.22) 
By using (3.22), the curvatures ky (s*) and 7, , (s*) of the 7,,, (s*) are explicity 
xBy xBy 
obtained 
a (s*) _ —5 (4 yas 
Neay 2 = 9 Naa apy 
2 #) ' a eee 
7 aa (s*) = 2(w1— kK )wat (wo — Kh) +W3— Ky 
where 
Wen— 
pa 20+ 2 (6(r'n — 7H’) +n (wa — ¢ (nx? + 7?))) 
= —__ he PND 
a \ +25 ((y(or cn) +f (a — en)? + $eray) 
| 


Definition 3. Let x be unit speed spacelike curve lying on Q? with the moving 
asymptotic orthonormal frame {x,a,3,y}. Then, xay— Smarandache curve of x is 
defined by 


(ax(s) + ba(s) + cy(s)), (3.23) 


where a,b,c € Rt. 

Theorem 3. Let x be unit speed spacelike curve in Q? with the moving asymp- 
totic orthonormal frame {x,a,{,y} and cone curvatures k,T and let Vso De Tay 
Smarandache curve with asymptotic orthonormal frame pies CO egs es c8 Yoay} . Then 
the following relations hold: 


i) The asymptotic orthonormal frame {152 Cn eee of the xay— Smaran- 


dache curve 7, 18 given as 
a .=2 bts 0 se 
aig V2ac+b? V2ac+b? V2ac+b? x 
Aray £1 ; P, ; Pp» Pa P, ; a 
8 a Pi +P, +P4T Po+P,—KP, P,-TP, Py +P, B\? 
ike i+ cs a a ae oe 
PL +KPy +PaT Po+P,—KP p,+Tp =p, +P 
Yogi) a 3 ad 4 4 _ bd a 4 7 4 _ od ¥ 
(3.24) 
where 
bk a— CK —CT —b 


eC Le ae Q § Pa Pa G, 


OQ = Va? —2(ac+ 2) Kh + C2 (K2 +72); M = (3.25) 


V2ac + 62’ 
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1 

L = 575 (2(1 + xp, + 0,7)(—0, + P4,) + (5 +P, — #0,) + (0, — TP4)”)s 
iE 

2/2ac + v2 


ti) The cone curvatures ky (s*) and ty (s*) of the curve y,,,, is given by 
ray LAY 


o= 


2 L 
TY ies (s") = ~ >? (3.26) 
/ / 
EE ets Panel a nee 
72 (st) = (MPa TPT 5 agp 4 uly( Pas 4 0) 
/ / 2 
Po + P, — KP, 9p vba t TRyxg < le 
2 
+ (BEAR + op 4 gy + (Taye 2 (3.27) 
where 
s = Ja? — 2(ac+ 6?) K+ c2(K2 + 72)ds. (3.28) 
toma 


Proof. i) Let the curve x be a unit speed spacelike curve with the asymptotic or- 
thonormal frame {z,a,(,y} and cone curvatures k,7. Differentiating the equation 
(3.23) with respect to s and considering (2.1), we find 


Tay (8) = — (brar(s) + ( + (a—cK)a (5) —cTB(s f — by(s)) : 


This can be written as following 


ray (9") = als) + SoG) — TAG - Sus}, (3.29) 
where 
OQ = Va? —2 (ac + b2) Kh + c2(K2 +72). (3.30) 


Differentiating (3.29) and using (3.30), we get 


Ww =i ( PUT OEE PST ge dees 


YVarovy Wi + ( Ti 
! ! 
Ps — TP4 Po + Pa 
; 3.31 
(aT) g + (yy (3.31) 
where 0, = hs P, = “TP Ps = Pa = BF 
* " 1 " / 
Yoay (s ) = —Neay * 9 (ot Ve) yee? and (7 ots) =L. (3.32) 
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By the help of equation (3.32), we obtain 


HSE EST 95a (a a eas) 


Yauy(8*) = (— Aha 7 
+ (BT Ta) Bs) + (Pat — opus), (3.33) 
where 
L 


— ee — / = / 
a) ae Woe 2 (2lP1 + KP, + P27 )( P, + P,) 


ii) Using (3.22), we have (3.26) and (3.27). § 


Definition 4. Let x be unit speed spacelike curve lying on Q? with the moving 
asymptotic orthonormal frame {x,a,3,y}. Then, a8y—Smarandache curve of x is 
defined by 


- wea (aa(s) + BBs) + ey(s)), (3.34) 


where a,b,c € Rg. 
Theorem 4. Let x be unit speed spacelike curve in Q? with the moving asymp- 
totic orthonormal frame {x,a,{,y} and cone curvatures k,T and let ane be aBy— 


Smarandache curve with asymptotic orthonormal frame Nghe Oaagstaa 
Then the following relations hold: 

i) The asymptotic orthonormal frame 1 gene Vasy } of the aBy— Smaran- 
dache curve Vesy 2 given as 


0 a b c 


aren Varro Va2+b2 Va2+b2 £ 
ong,| — | Ar A, A, A, S 
Bax C, es C; C, B ; 

C C aM C bM C cM y 
Yasy 1 2 aVa2 te 3 2Va2te 4 V2 te 

3.35) 
where 
€ ds* 


€ = Ver? + (22 — 2a?) «2 — 2abT; w = 


Va? + b? ~ ds 


120 


F. Almaz, M.A. Kiilahci — A Note on Special Smarandache Curves ... 


ak + br —CK —CT —a 
er Re ee a 
Ge x éM(aw + br) + S(an! + br!) — ee? +7") ap 
4 3 ’ 

c 

) 2. / 
c, = 3 ae oe a +B, 
C, = cs ZEB, 


Gio rae 


—2a(an + br) + c(K? + 77) 
ss 


ii) The cone curvatures Ky : (s*) and T- F (s*) of the curve 7 . is given by 
apy apy apy 


M= (3.36) 


2a(an + br) — c(K? +77) 


y= 3.37 
ry (st) = | (3.37) 
M aM 
me at) Osan) VC NO a ae 
igs ) Ci VC, Wark (C, 2Va2 + b? RY 
bM 9 9 
+ (C;, Wate Ke. (3.38) 
where 
1 
* = —_ C272 + (c2 — 2a?) Kk? — 2abr.ds; a,b,c € RY. 3.39 
24 $2 0 
va 


Proof. i) Differentiating the equation (3.34) with respect to s and considering (2.1), 
we find 


ds* 
! * = 
apy (8 ) ds 


¥ 5 ((aK + br )a(s) + (—cK)a(s) + (—cr)B(s) — ay(s)). (3.40) 


a? +b 


This can be written as follows 


donee" - ae als) +7 a(s)+Fu(s), — (B-a1) 
where 
€ = Ve2r? + (2 — 2a?) 2 — 2abr Ee ee W. (3.42) 
"ds Va? +02 
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Differentiating (3.41) and using (3.42), we get 
JEEP 


Ve) = ogi een + br) + E(an! + br’) — c(n? + 77))a(s) 
+(€(2aK + br) — en€)a(s) + (Ee(ar — 7’) — er€')A(s) 
+(cK§ + a)y(s)) 
TO Ci sn) ; (a ey Vey) No (3.43) 


By the help of equation (3.43), we obtain 


toy (8) = (—C,)2(8) ~ (Ca + ssa) (3.44) 
bM cM 
(C; , Weep (C, : Varn pe s) 


where M = —2e(ast br) o(n2-+72) 


ii) Using (3.22), we have (3.36) and (3.37). where § 


Example 1. The curve 
1 
x(s) = —= (sin 2s, cos 2s, 0,1 
(8) = 5 ) 
is spacelike in Q? with arc length parameter s. Then we can write the Smarandache 


curves of the x-curve as follows: 
1) xaB— Smarandache curve Vives is given by 


1 


s)= a — 4c) sin 2s + 2bcos 2s, (a — 4c) cos 2s — 2bsin 2s,0,a 
eal) = Tera ((a- 40) (a 40 
2) xBy— Smarandache curve i es is given by 
1 
s)= a — 4c) sin 2s — 8c cos 2s, (a — 4c) cos 2s + 8csin 2s, 0,a 
Yesy 9) = erage ((a — 40) (a — 4c) ) 
3) xay— Smarandache curve Yeay '% given by 
1 
s) = ————_ (asin 2s + (2b — 8c) cos 2s, acos 2s + (—2b + 8c) sin 2s,0,a 
oa 8) = erm | (2b - 8) (—2b + 8 
4) aBy— Smarandache curve Yay 18 given by 
1 
s)= a — 4b) sin 2s — 8ccos 2s, (a — 4b) cos 2s + 8csin 2s, 0,a 
Yan (9) = era ((a— 48) (a — 46) ) 


where a,b,c € Rt. 
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